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We have analyzed the statistical thermodynamics of peeling single-stranded DNA �ssDNA� from the surface
of graphite. Using recently measured parameters, we represent ssDNA as a polymer chain strongly adsorbed to
a frictionless substrate using the freely jointed chain, wormlike chain, and rotational isomeric state models. All
three models predict steady peeling force under force control, in agreement with single-molecule experiments.
We predict that, for finite-length chains, the force response has measurable spikes under displacement control.
These force spikes carry information about the underlying sequence of ssDNA, which might thus be measur-
able with a sufficiently stiff loading system. For the freely jointed chain model, under force control, we have
obtained several exact closed-form results and provide relations between the measured peel force and the
underlying adhesion free energy.
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I. INRODUCTION

In recent years, single-molecule force spectroscopy, for
example, using optical tweezers �1,2� and atomic force mi-
croscopy �3–5�, has added greatly to our understanding of
the mechanical behavior of polymer chains and has provided
some of the best validation for idealized models such as the
freely jointed chain �FJC� and the wormlike chain �WLC�
�1,3,6,7�. Several experiments in which �usually� long mol-
ecules are adsorbed onto and then peeled off a substrate
show that often peeling of a single polymer chain occurs at a
steady force prior to its complete detachment �3–5,8–12�.
This is analogous to the conventional peeling of thin films
from a rigid substrate �13�. This technique has recently been
used to measure forces required to peel short strands �50
bases� of single-stranded DNA �ssDNA� adsorbed onto
graphite �14�. Consistent with previous adsorption measure-
ments �15,16�, it was found that the adsorption is strong
�8–12 kBT /base at T=300 K� and that there are significant
base-to-base differences in adhesion free energy
�e.g., T-11.5 kBT; C-8.3 kBT at T=300 K�.

Simple energy balance models �5,9,10� have been devel-
oped to relate the force required to peel the polymer from the
substrate and the adhesion free energy between the two. Sev-
eral existing models treat the desorbed polymer as an ap-
proximate Gaussian chain �5,10,17� which is valid only for
small chain extensions, whereas, in most cases, the desorbed
polymer is stretched a significant fraction of its contour
length. Previous models have not studied the statistics of the
peeling process in significant detail, nor considered whether
peeling of finite-length chains differs depending on whether
it is done under force control �FC� or displacement control
�DC�.

Single molecule stretching experiments have provided an
unprecedented view on the mechanics of single molecules,
for example, how secondary or tertiary structure in a biologi-
cal molecule evolves under increasing stretch �1,2,18,19�. An

intriguing open question remains: potentially what level of
detail could a single-molecule peeling experiment provide
about the interaction between individual groups and a sur-
face?

In this paper, we consider the specific example of ssDNA
peeled from graphite, which we analyze as the peeling of a
strongly adsorbed polymer chain from a frictionless sub-
strate. �This corresponds well to the character of ssDNA ad-
sorption on graphite �14�; it also applies in several other
instances �5,10–12�.� The behavior of the ssDNA chain is
described by three polymer models, namely, FJC, WLC, and
rotational isomeric state �RIS� models. All three predict that,
for short strands, the force-displacement relation depends on
the ensemble �FC vs DC�. The FC ensemble model predicts
peeling to occur at a steady force �3–5,8–12,14�, and pro-
vides the relation between the adhesion free energy of a
monomer and the peeling force. Under DC, we predict base-
by-base peeling with spikes in force characteristic of the ad-
sorbing base, suggesting that the ssDNA sequence could be
read thus with a sufficiently stiff loading system. The simple
FJC model has been analyzed in greater detail, yielding sev-
eral exact closed-form solutions.

The remainder of the paper is organized as follows. We
present the model and its assumptions in Sec. II, and provide
the reference result that relates steady peel force of a ho-
mopolymer under FC to the adhesion free energy. In Sec. III,
we formulate the statistical thermodynamics of peeling under
FC and DC; its results are presented in Sec. IV. We close
with a summary and conclusions in Sec. V.

II. STATISTICAL THERMODYNAMICS OF PEELING

A. Schematic representation of peeling of ssDNA

Figure 1�a� depicts the peeling of an ssDNA molecule
from a frictionless substrate by the application of a force, f ,
or a displacement, Rz. The ssDNA molecule has N mers �Fig.
1�b��, and each mer of contour length lm has a backbone with
six bonds and a base �adenine, guanine, cytosine, or thym-
ine�. The numbers of desorbed and adsorbed mers �or bases�*Corresponding author; anj6@lehigh.edu
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are n and �N-n�, respectively, and � is the adhesion free
energy per unit contour length of the backbone chain. Each
adsorbed mer decreases the free energy by �lm. We represent
the stretching behavior by three idealized polymer chain
models: �i� FJC, �ii� WLC, and �iii� rotational isomeric state
�RIS�. Based on these models, we formulate the statistical
thermodynamics for peeling of ssDNA from graphite with
the following assumptions.

�a� Peeling occurs in equilibrium, i.e., over the time scale
of the experiment the chain samples all conformations, and
links go freely in and out of adhesive contact �9,10,12,14�.

�b� The adsorption is strong—all �N-n� links are adsorbed.
The very end of the chain is constrained to remain on the
substrate. This artifact is introduced to remove the nonequi-
librium event of complete chain detachment.

�c� The substrate is frictionless; it cannot transmit any
in-plane forces.

Assumption �a� is justified by the rate-independence of
peel force; �b� is justified a posteriori by the measured ad-
sorption free energy, which is found to be large compared to
kBT per Kuhn length; and �c� is based on observations that
the force resisting sliding is immeasurably small, and simu-
lations that show that the barrier for diffusion of surface
bound nucleotides is on the order of kBT �9,10,12,14�.

B. Freely jointed chain model

In the FJC model, ssDNA is represented by N Kuhn links
where each link has length b and adsorbed adhesion free
energy �b. From our previous stretching experiments on
short strands of ssDNA �14�, we obtained Kuhn length in the
range 0.51–1.0 nm, significantly smaller than the �1.6 nm
value reported for long strands �1,2�. For the results reported
in this paper, we have used b= lm=0.69 nm �where lm is the
contour length of one mer, see details in RIS model�. With
this, one base is assigned to one Kuhn link in the FJC, i.e.,
�b=single base adhesion energy. This allows us to compare
the three models conveniently; our conclusions are not al-

tered for different choices of b within the experimentally
determined range.

A simple argument that balances work and desorbed chain
free energy with the adhesion free energy of the adsorbed
chain produces the result that under FC peeling occurs under
constant force �3–5,8–12,14�. For an FJC, the measured con-
stant force f� is related to the adhesion � �14� by

� = � kBT

b
�In�4� sinh�f�b/kBT�

�f�b/kBT� 	;

� = X� �1�

where the second form is in terms of dimensionless adhesion
free energy � and dimensionless force F�,

� =
�b

kBT
, X� = ln�4� sinh F�

F� 	 and F� = f�b/kBT . �2�

Equation �1� is the limiting behavior for large N and n of
more complete statistical models under FC �T�f ensemble�
and DC �T�Rz ensemble�, which we develop below.

1. Force control (T�F ensemble)

Consider that the FJC is subjected to a given force f �Fig.
1�a��. The chain responds by desorbtion of n links, where n
can vary from 0 to N. The conformational partition function
of an FJC with n desorbed links is the product of the well-
known partition function for an FJC �6,7,20–22�, ZF

FJC�n ,F�,
and that of the adsorbed part of the chain, Zads�n�. The total
partition function, ZFC

FJC�F�, is the summation of this product
over all allowed values of n �see also SI Sec. I �23��:

ZFC
FJC�F� = 


n=0

N

Zads�n�ZF
FJC�n,F� ,

Zads�n� = �
i=n

N

exp��i+1� ,

ZF
FJC�n,F� = �4� sinh�F�

F
�n

= exp�nX� ,

P�n� = Zads�n�ZF
FJC�n,F�/ZFC

FJC, �3�

where �i is the dimensionless adhesion free energy of the ith
link, �N+1=0, representing the case when all links are des-
orbed, and P�n� is the probability of desorption of n links.
Equation �3� admits conformations of the chain that pen-
etrate the substrate, which allows us to obtain closed-form
analytical results in some cases. By numerical calculations
�SI Sec. II �23�� we have shown that for strongly adsorbing
chains this approximation causes negligible error.

2. Displacement control (T�Rz ensemble)

Under DC, the locations of the ends of the desorbed chain
are held fixed. We consider two versions of DC �Fig. 1�c��:
�1� strict-DC, where both the ends of desorbed chain are
fixed at a distance RZ and �2� semi-DC, where the end away

FIG. 1. �Color online� �a� Schematic representation of peeling
an ssDNA molecule off graphite. �b� One mer of ssDNA with six
backbone torsion angles. �c� In strict-displacement control �left�,
both ends of ssDNA are fixed. In semidisplacement control �right�,
the end away from the substrate is fixed while the adsorbed end
maintains a fixed distance along the z direction �Rz� and remains
free to move in the x-y plane since the substrate is frictionless.
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from the substrate is fixed at a distance RZ from it, whereas
the adsorbed end is free to move in the x-y plane since its
interaction with the substrate is frictionless.

The total partition function under DC is constructed in
terms of the well-known probability distribution function
�per unit volume� for an FJC with fixed number of links n to
have two given end points separated by a distance r —
W�n ,r� �6,7,21,22�.

W�n,r� = �8�rb2�−1n�n − 1�

t=0

�
�− 1�t

t ! �n − t�!�n − �r/b� − 2t

2
	n−2

,

�4�

where � is specified by ��n-r /b� /2�-1��� �n-r /b� /2. In
strict-DC, the partition function for fixed n and given Rz is
ZF

FJC�n ,0�W�n ,Rz�= �4��nW�n ,Rz� �7�. Semi-DC, on the
other hand, requires one to integrate all the states in the x-y
plane on the substrate, shown in the shaded region of Fig.
1�c�. The total partition function in DC is therefore obtained
as

ZDC
FJC�RZ� = 


n=0

N

Zads�n�ZR
FJC�n,RZ� ,

ZR
FJC�n,RZ� = � �4��nW�n,Rz� strict − DC

�4��n

RZ

L

W�n,r�2�rdr semi − DC� .

�5�

Note that the apparent inconsistency in dimensions between
strict-DC and semi-DC is of no consequence as far as calcu-
lation of force is concerned. A small constant area is implied
in the former case that vanishes when one takes the deriva-
tive of the logarithm of partition function.

Our principal focus in this paper is on the use of the FJC
model to study peeling under FC and DC. However, to es-
tablish the robustness of our main conclusions, we have also
analyzed some cases of peeling using an approximate WLC
and an RIS model to represent the desorbed part of the ss-
DNA.

C. Wormlike chain model

An ssDNA backbone with N mers is modeled as a WLC
with persistence length lp and contour length lc=Nnpplp,
where npp= lm / lp is the number of persistence lengths per
contour length of one mer. The partition function of a WLC
is not known exactly but a good approximate relation that
describes the force-extension behavior under DC is known,
which we use to derive an approximate expression for free
energy.

1. Displacement control

The approximate force-extension relation for a WLC is
given by �24,25�

f�RZ,lc� =
kBT

lp
�1

4
�1 −

RZ

lc
�−2

−
1

4
+

RZ

lc
	 , �6�

where f is the average force on the chain with end-to-end
distance Rz and contour length lc=nnpplp. Rewriting Eq. �6�
in terms of dimensionless force F and dimensionless end-to-
end distance RZ, we have

F�RZ,n� = npp�1

4
�1 −

RZ

n
�−2

−
1

4
+

RZ

n
	 , �7�

where F=
fnpplp

kBT = fb
kBT and RZ=

RZ

npplp
=

RZ

b . The area under the
force-extension curve gives the free energy G of the chain,
which in turn is equal to negative kBT times the natural loga-
rithm of the partition function under DC. Therefore, the par-
tition function at a given end-to-end distance Rz is given as

ZWLC�n,RZ� = �4��nexp�−
G

kT
�

= �4��nexp�− npp�n

4
�1 −

RZ

n
�−1

−
RZ

4
+

RZ
2

2n
−

n

4
	� . �8�

The constant factor, �4��n, ensures that the partition function
matches that of an FJC at zero end-to-end distance. Similar
to Eq. �5� for an FJC, the total partition function under DC is

ZDC
WLC�RZ� = 


n=0

N

Zads�n�ZWLC�n,RZ� . �9�

2. Force control

The partition function under force control can be deter-
mined from the known partition functions under DC �Eq.
�8�� as �7�

ZF
WLC�n,F� = 


RZ

ZWLC�n,RZ�exp� fRZ

kBT
�dRZ

= 

RZ

ZWLC�n,RZ�exp�FRZ�dRZ. �10�

The total partition function for the WLC can be obtained in a
manner similar to Eq. �3� for the FJC as

ZFC
WLC�F� = 


n=0

N

Zads�n�ZF
WLC�n,F� . �11�

D. Rotational isomeric state model [26]

Modeling the ssDNA backbone as an RIS chain provides
a better representation than the FJC or WLC models at the
cost of some loss of generality and gain in complexity. Each
ssDNA mer consists of six bonds, six bond angles, and six
torsion angles �Fig. 1�b��. We assume that all the lability of
the ssDNA comes from its backbone torsions with the bond
lengths and bond angles fixed at equilibrium values. The
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adhesive interaction between the DNA backbone and the
substrate is assigned to the backbone bond that is a part of
the sugar ring. For a given conformation of the DNA, the
potential energy of each mer is calculated as the sum of six
dihedral potentials corresponding to the six dihedral angles
�Fig. 1�b��. �Note that the dihedral angle is the supplement of
the torsion angle.� The dihedral potential for a given dihedral
angle �, based on CHARMM force field �27�, is given by

V��� = 

n

Kn�1 + cos�n� − �o�� �12�

where Kn is the n-fold barrier energy, and �o is the reference
dihedral angle corresponding to the minimum energy state.
�See SI Sec. VII for details and values of these parameters
�23�.�

The dihedral conformations of each torsion are repre-
sented by two states �called rotamers or conformers�, state 1
and state 2. The 360° dihedral angle domain is divided into
two such that the populations of both the domains, p1 and p2,
are the same, i.e.,

p1 = p2 = z−1

domain

exp�−
v���
kBT

�d� = 0.5,

z = 

0

2�

exp�−
v���
kBT

�d� , �13�

where z is the conformational partition function. The dihe-
dral angle corresponding to each state is given by

��i� = �piz�−1

domain

�i exp�−
v��i�
kBT

�d�i, i = 1,2.

�14�

Each mer has 26 conformations and n mers have 26n con-
formations. For each conformation, one can construct the
ssDNA backbone and determine the end-to-end distance RZ.
�See SI Sec. VII2 �23,26�� For one mer, the maximum end-
to-end distance, which is equal to the contour length of one
mer, lm, is 0.69 nm.

1. Displacement control

Under semi-DC, the partition function ZRIS�n ,RZ� of a
chain n mers long for a given RZ �or RZ=

RZ

lm
=

RZ

b � is equal to
number of conformations with the z component of end-to-
end distance between RZ and RZ+dRZ and �RZ

Z�n ,RZ�dRZ

=26n �note that, by construction, all conformations have the
same energy�. To evaluate the partition function exactly, one
has to construct all possible conformations, i.e, 26n, which
grows extremely rapidly with increasing n. Instead, we ap-
proximate the partition function by randomly choosing Q
conformations instead of generating them all. Because, all
allowed states are equally likely by construction, randomly
picking a subset of all conformations introduces no bias for
given n. Using these Q conformations, ZRIS�n ,RZ� is evalu-
ated numerically �see SI Sec. VII3 for more details �23��.
ZRIS�n ,RZ� is scaled by 26n

Q ZRIS�n ,RZ� such that
�RZ

ZRIS�n ,RZ�dRZ=
RZ
ZRIS�n ,RZ�=26n. Average force is cal-

culated numerically as negative of the derivative of the natu-
ral logarithm of the partition function with respect to RZ. We
found that the calculated force profile converges for Q con-
siderably smaller than 26n. For example, with n=6,
Q=6575	105 gave good convergence.

The total partition function for peeling RIS chain can be
evaluated in the same manner as that for FJC and WLC �Eqs.
�5� and �9��:

ZDC
RIS�RZ� = 


n=0

N

Zads�n�ZRIS�n,RZ� . �15�

2. Force control

The partition function under FC is determined from the
partition functions under DC as for the WLC model. The
partition function of n mers long chain is

ZF
RIS�n,F� = 


RZ

ZRIS�n,RZ�exp� fRZ

kBT
�dRZ

= 

RZ

ZRIS�n,RZ�exp�FRZ�dRZ, �16�

where F=
flm

kBT = fb
kBT . The total partition function for peeling an

RIS chain under FC is given by

ZFC
RIS�F� = 


n=0

N

Zads�n�ZF
RIS�n,F� . �17�

III. RESULTS

Using the three models, we consider peeling for three
types of polymer chains: �1� homopolymers An, �2� block
copolymers AnBn, and �3� alternating copolymers �AB�n,
where A and B label the identity of each link, each under FC
and DC.

A. Homopolymers An

For an N mers long homopolymer An, all mers are alike
and the partition function of the adsorbed chain, Zads�n� be-
comes exp��N−n���. The results for the homopolymer mod-
eled as the three polymer chains are discussed below.

1. FJC model for An

The sum in Eq. �3� for an FJC An is a geometric series that
can be evaluated exactly to obtain the partition function �14�
�SI Sec. III �23��.

ZFC
FJC�F� = exp��N�

1 − exp��X − ���N + 1��
1 − exp�X − ��

; �18�

P�n� =
exp�nX + �N − n���

Z
. �19�

With this exact expression for the partition function, we
have obtained by ensemble averaging exact closed-form for-
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mulas for average end-to-end displacement and number of
links, �RZ� and �n�, and their fluctuations, 
n

0.5 and 
RZ

0.5 �see
SI Sec. III for derivations �23��.

�n� =
r

1 − r
−

�N + 1�rN+1

1 − rN+1 ; r = exp�X − �� , �20�

�RZ�
b

= �coth F −
1

F
��n� , �21�

�n2� =
exp�N��

Z
�−

�N + 1�2rN+1

1 − r

+
r�1 − �2N + 3�rN+1�

�1 − r�2 +
2r2�1 − rN+1�

�1 − r�3 	 , �22�

�Rz
2�

b2 = �1 +
1

F2 − coth2 F	�n� + �coth F −
1

F
�2

�n2� ,

�23�


n
0.5 = ��n2� − �n�2�0.5; 
RZ

0.5 = ��RZ
2� − �RZ�2�0.5. �24�

Note that expression for average displacement as a func-
tion of force �21� is in the form of the Langevin function
times the average number of desorbed links. Figure 2�a�
plots force versus average extension �RZ� for chains of vary-
ing number of links N, b=0.69 nm and �=13.4, parameters
corresponding to poly�thymine� adsorbed on graphite �14�.
For N�10, as observed experimentally �5,9,10,14�, peeling
occurs under a steady force. Fluctuations in �RZ� for the
chain with 50 links, shown in Fig. 2�a� inset, reach a maxi-
mum at X�=��. For this condition, it follows immediately
from Eq. �19� that the probability distribution P�n� is uni-
form, 1 / �N+1�. Figure 2�b� shows probability distributions
for applied force in the vicinity of the peeling force F�. If
�X�X�=��, corresponding to F�F�, the distribution is
asymmetric with mode of n=0, while if �X�X�=��, corre-
sponding to F�F�, the distribution is asymmetric with mode
of n=N. This confirms that the condition �X=X�=��, Eq. �1�,
is properly interpreted as the onset of peeling under FC.

Under DC we have not found it possible to simplify Eq.
�5� further because the probability distribution for end-to-end
distance, W�n ,r�, itself is known only as the unwieldy Eq.
�4� �6,7,21�. We evaluate ZDC

FJC�RZ� numerically and the aver-
age force �f� by numerical differentiation of the natural loga-
rithm of the partition function with respect to RZ, keeping T
and � fixed.

�f� = − kBT� � ln ZDC�RZ�
��RZ�

�
T,�

or �25�

�F� = − b� � ln ZDC�RZ�
��RZ�

�
T,�

.

The average quantity �n� is calculated by numerical en-
semble averaging.

Figure 3�a� shows the predicted force during peeling for
poly�thymine� with N=50 in strict- and semi-DC. Also
shown is the predicted �nearly steady� force under FC. Both
DCs show that even equilibrium peeling of the chain under
these conditions occurs link-by-link. Note also the stepwise
increase in �n� with increasing RZ, and the fact that the force
response prior to each peak can be fit by the FJC-Langevin
force response for a chain with the corresponding number of
links. For strong adhesion �several kBT per base�, when RZ /b
is small, the removal of an extra base is achieved only at the
expense of significantly stretching the chain beyond the peel
force predicted under FC. When more than about 25 links are

FIG. 2. �Color online� �a� Dimensionless force, F, versus the
normalized �average� end-to-end distance, �RZ� /b, as a function of
chain length. It is evident that for chains longer than 10 links, de-
sorption is resisted by a steady peel force. Inset shows that fluctua-
tions in �RZ� /b are peaked at the peeling force. �b� Probability dis-
tribution function P�n� of the FJC for varying dimensionless force.
P�n� reaches a constant value of 1 / �N+1� when Eq. �1� �F=14.2,
the peeling force for long chains� is satisfied, which means that all
states are equally likely. b=0.69 nm and �=13.4 �poly�thymine� on
graphite�.
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desorbed, the variation in force about the peel force reduces,
eventually converging to the FC prediction. The displace-
ments shown in Fig. 3�a� are within an experimentally acces-
sible range �14� and force spikes are considerably larger than
experimental fluctuations, suggesting that these should be
measurable with a sufficiently stiff loading system. Figure
3�b� shows that the larger the adhesion the larger is the force
spike, which implies that it carries information about the
base being peeled. Now we ask the following questions: are
the predictions model dependent? How do force spikes decay
with increasing number of desorbed links? Is it possible to
identify the sequence of bases by peeling under DC? In the
next few sections, we try to answer these questions.

2. Peeling a WLC or RIS homopolymer, An

For the case of WLC and RIS models, the average force
under DC can be obtained by taking the natural logarithm of
the partition function with respect to RZ, keeping T and �
fixed, as in the FJC case �Eq. �25��.

�F� = −� � ln ZDC DC
WLC �RZ�

��RZ�
�

T,�

or �26�

�F� =� � ln ZDC DC
RIS �RZ�

��RZ�
�

T,�

.

The average end-to-end distance RZ �or RZ� under FC can be
calculated using ensemble averaging. Using Eqs. �10� and
�11� for WLC and Eqs. �16� and �17� for RIS, we have

�RZ� =
1

ZFC
WLC�F�
n=0

N

	�exp��N − n���

RZ

RZZWLC�n,RZ�exp�FRZ�dRZ� ,

�27�

�RZ� =
1

ZFC
RIS�F�
n=0

N

	�exp��N − n���

RZ

RZZRIS�n,RZ�exp�FRZ�dRZ� .

�28�

Equations �26�–�28� are evaluated numerically.
The predictions of WLC and RIS models under DC and

FC �Fig. 4� are consistent with those of the FJC model sug-
gesting that there will be measurable spikes in force under
DC and peeling under steady force for FC. The results of the
WLC model are not affected significantly on varying the
persistence length within the experimentally measured range.
In Fig. 4, we set persistence length to be half of the Kuhn
length, i.e., lp= lm /2=0.345 nm and npp=2.Values for the di-
mensionless adhesion for the models are chosen so that the
peeling occurs at a force of 85 pN as observed experimen-
tally for peeling poly�thymine� �14�. The adhesion for FJC,
WLC, and RIS models are 13.4, 11.7, and 14.2, respectively.
The results of Figs. 3 and 4 suggest that adhesion between
ssDNA bases and graphite is sufficient that there would be
force spikes in the equilibrium peeling response. Differences

FIG. 3. �Color online� �a� Average dimensionless force �F� and
average number of desorbed links �n� as a function of separation
RZ /b during peeling of poly�thymine� from graphite with N=50,
�=13.4, and b=0.69 nm under strict- and semi-DC. �b� Effect of
adhesion � on force spikes.

FIG. 4. �Color online� Comparison of force-displacement
curves under DC and FC for WLC and RIS models with
lm=b=npplp=0.69 nm and npp=2. These are based on a measured
peel force of 85 pN for poly�thymine� �14�, for which, �FJC=13.4,
�WLC=11.7 and �RIS=14.2 were used.
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in the magnitude of force spikes and their locations between
the three models are due to the differences in their stretching
behaviors at large extensions. Spikes in the FJC and RIS
models are more prominent than in the WLC model.

However, the overall phenomenon of force spikes in the
equilibrium response appears in all three models, which
gives some confidence that this prediction is robust. More-
over, Fig. 3�b� shows that it is quite sensitive to the value of
adhesion. Some differences follow simply from the models.
For example, in case of RIS, stretching characteristic is ob-
served under FC before the first link desorbs because of the
first five nonadhesive bonds since the adhesion is incorpo-
rated in the sixth bond that is a part of sugar ring �Fig. 1�b��.

3. Decay of force spikes

During peeling of an FJC with discrete adhesion sites un-
der DC, our equilibrium model predicts that the force will
display spikes �Figs. 3 and 4�. These spikes decay as the
length of the peeled portion of the chain increases, eventu-
ally to a steady-state force Fss as predicted under FC. If the
phenomenon of force spikes is to be realized experimentally,
potentially to read the sequence of a strand of DNA by peel-
ing, it is important to understand more simply why the force
spikes appear, and how they decay with chain length. Here
we develop a simple two-state model for this purpose.

Figure 5�a� shows five curves representing the force-
displacement response of FJCs with different numbers of
links �12–16 from left to right� and the same Kuhn length
�0.69 nm�. Let us assume that under DC the system has to
choose between two adjacent states with different numbers
of peeled links. For example, consider the transition from 13
to 14 peeled links in Fig. 5�a� to occur at a critical displace-
ment. The critical displacement is decided by the balance
between the stretching free energy loss given by the shaded
area in Fig. 5�a� and the adhesion free energy penalty minus
the entropic free energy increase due to desorption of one
additional link.

Let, � be the applied displacement at which the transition
from n to n+1 peeled links occurs. Forces fp and fv are

required to maintain this displacement for chains with n and
n+1 links, respectively. The free energy of the chain N links
long with n links desorbed subjected to a displacement � is

G�n� = 

0

�

f�n,��d�� − nkBT ln�4�� − �N − n�b� , �29�

where the first term gives the strain energy or the area under
the force-displacement curve, the second term is the entropic
contribution, and the third term is the adhesion energy. The
force on the chain as a function of displacement is given by
inverse Langevin approximation �28,29�.

f�n,�� =
�kBT

nb2 �3 − ��/nb2�
1 − ��/nb2�	 . �30�

It is convenient to introduce the normalization

�̄ =
�

b
; Ḡ = G/kBT . �31�

From Eqs. �29�–�31�, the free energy of the chain is

Ḡ�n� = n�1

2
� �̄

n
�2

− ln�1 − � �̄

n
�2�	 + n�� − ln�4��� − N� .

�32�

The approximate condition for the transition from n to n+1
peeled links is that

Ḡ�n� = Ḡ�n + 1� ,

or

n�1

2
� �̄

n
�2

− ln�1 − � �̄

n
�2�	

− �n + 1��1

2
� �̄

n + 1
�2

− ln�1 − � �̄

n + 1
�2�	

= � − ln�4�� . �33�

Equation �33� gives the critical displacement � correspond-

FIG. 5. �Color online� �a� Force-displacement response of FJCs with the same Kuhn length but different numbers of links, 12–16 from
left to right. The transition from 13 to 14 peeled links occurs at a critical value of displacement chosen such that the release in stretching free
energy, given by the shaded area, equals the increase in adhesion energy. �b� Decay in force spikes with chain length for �=13.4. The peak
and valley forces are shown in circles and squares, respectively. The solid line represents the force-displacement result under semi-DC.
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ing to the transition from n to n+1 peeled links. The peak
and valley forces, fp and fv �Fp and Fv�, can obtained from
Eq. �30�.

The peak and valley forces predicted by the simple tran-
sition model shown as the black circles and squares in Fig.
5�b� are in reasonably good agreement with the FJC model
under semi-DC. Note that the full force-displacement re-
sponse was calculated under semi-DC whereas the simple
model uses the Inverse Langevin function for strict-DC,
which accounts for some of the discrepancy. See SI Sec. IV
�23� for more details, including a look at the problem using
an exact Langevin relation. We show there that the peak
force scales approximately as fp�exp���−ln 4�� /n�, high-
lighting the strong sensitivity to adhesion, �.

The remaining results have all been obtained using the
FJC model.

B. Block copolymers

Since the adhesion free energy of homopolymers depends
significantly on the identity of the base, anticipating a change
in peeling force in the vicinity of the interface between the
two blocks, we first consider the case of block polymers
AnBn, with different adhesion free energies ��A��B� but
with the same Kuhn lengths. Under FC, by extending the
approach used for homopolymers, we have obtained exact
closed-form results for the partition function, probability
density functions, and average displacement and n. Here we
provide the final results, see SI Sec. V �23� for details.

ZFC
FJC�F� = exp�NA�A + NB�B��1 − rA

NA+1

1 − rA
+ rA

NA
rB − rB

NB+1

1 − rB
	 ,

ri = exp�X − �i�; �i =
�ib

kBT
i = A,B , �34�

P�n� =�
exp�NA�A + NB�B�rA

n

ZFC
FJC n � NA

exp�NA�A + NB�B�rA
NArB

n−NA

ZFC
FJC n � NA

, �35�

�n� =
exp�NA�A + NB�B�

Z
� �NA + 1�rA

NA+1

1 − rA
+

rA�1 − rA
NA+1�

�1 − rA�2

+ rA
NA�NA

rB − rB
NB+1

1 − rB
−

�NB + 1�rB
NB+1

1 − rB
+

rB�1 − rB
NB+1�

�1 − rB�2 �	 ,

�36�

�RZ� = b�coth F −
1

F
��n� . �37�

Figure 6 shows the predicted peel forces depend on
whether the weaker ��A��B, Fig. 6�a�� or stronger
��A��B, Fig. 6�b�� binding strand peels first �the values of
�A ,�B correspond to reported measurements on poly�thym-
ine� and poly�cytosine� on graphite �14��. If the weaker bind-
ing strand occurs first, strand A peels first at X=�A; strand B

then peels at X=�B. The transition between these two steps
occurs over 2–5 links, indicating it would be difficult to read
the sequence under FC. If the stronger binding strand is re-
quired to peel first, �A��B, the equilibrium model under FC
predicts peeling at a single force representative of a
homopolymer with an effective adhesion free energy,
�ef f =

NA�A+NB�B

NA+NB
. We expect that the prediction for �A��B

will not be realized experimentally since it depends on all
states for n being equally accessible.

The results for block copolymers under DC are also
shown in Fig. 6 for the two cases: �A��B and �A��B. As
in the case of the homopolymer, we find that peeling occurs
link-by-link. The force peaks for the stronger binding base
are significantly higher than for its weaker binding cousin
and the transition between the two occurs within a single
link.

C. Alternating copolymers

The fact that under DC the transition in force occurs over
one link prompts us to analyze the peeling an alternating
polymer of type �AB�N, again with �A, �B values for poly-

FIG. 6. �Color online� Peel profiles for block polymers in DC.
�a� �A��B. �b� �A��B. �A=13.4, and �B=9.5 �poly�thymine� and
poly�cytosine�, respectively�. Inset in �a� shows the schematic rep-
resentation of block copolymer peel. NA=NB=15 and b=0.69 nm.
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�cytosine� and poly�thymine� on graphite �14�. We present
the final results only; see SI Sec. VI �23� for details.

ZFC
FJC�F� = exp�N�A + N�B�

	�1 − �rArB�N+1

1 − rArB
+

rArB − �rArB�N+1

rB�1 − rArB� 	 , �38�

�n� =
exp�N�A + N�B�

ZFC
FJC �2�1 +

1

rB
��−

�N + 1��rArB�N+1

1 − rArB

+
rArB�1 − �rArB�N+1�

�1 − rArB�2 � −
rArB − �rArB�N+1

rB�1 − rArB� 	 , �39�

�RZ� = b�coth F −
1

F
��n� . �40�

Under FC the model predicts that the measured peel force
is nearly a constant �Fig. 7�, representative of the average
adhesion free energy of the polymer. However, under semi-

DC, we predict that, even under equilibrium, peaks in the
force response carry the signature of the identity of each base
�Fig. 7�. �Results for strict-DC are nearly identical and not
shown for the sake of clarity.�

IV. SUMMARY AND CONCLUSIONS

We have analyzed the equilibrium peeling of single-
stranded DNA off graphite as peeling of a polymer chain
with discrete adhesion sites under force or displacement con-
trol strongly adsorbed to a frictionless substrate. All three
polymer models used to represent ssDNA, namely, freely
jointed chain, wormlike chain, and rotational isomeric state
models, predict similar peeling response under force and dis-
placement control. For homopolymers under FC the FJC
model predicts peeling under a steady force and provides a
relation between it and the underlying adhesion free energy.
This is in good agreement with a number of single-molecule
peeling experiments for ssDNA on graphite and for other
polymer-substrate combinations, suggesting that the basic
hypotheses of equilibrium and frictionless substrates are of-
ten satisfied. For FJC under FC, we have obtained exact
closed-form results for the partition function, the force-
displacement relation, and fluctuations in length and number
of bound links. All three models under DC predict peeling to
occur base-by-base for short strands with attendant spikes in
force that are significantly greater than typical force fluctua-
tions and therefore ought to be measurable. Analysis of block
and alternating copolymers suggests that under DC these
force spikes carry information about the underlying sequence
of the ssDNA, which might thus be measurable with a suffi-
ciently stiff loading system. While the discussion has cen-
tered around peeling of ssDNA from graphite, because our
FJC model is a generic model for several polymers, the
model and conclusions drawn from it can be extended to
peeling of other chainlike molecules �23�.
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